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GLOBAL STRONG SOLUTION FOR CAUCHY PROBLEM OF A
DIFFUSION INTERFACE MODEL IN 1-D
YAZHOU CHEN, QIAOLIN HE, BIN HUANG, AND XIAODING SHI
Abstract. In this paper, we study the Cauchy problem for a diffusion interface model of
compressible immiscible two-phase flow, which is described by Navier-Stokes/Allen-Cahn
system. The global existence and uniqueness of strong solutions for compressible non-
isentropic Navier-Stokes/Allen-Cahn system is established in 1-D. This result suggest
that no phase transition, no vacuum, mass or heat concentration will be developed in
finite time.
1. Introduction
The earliest work on the diffusion interface model of immiscible two-phase flow from the
beginning of Cahn-Hilliard [3] and Allen-Cahn [1], they overcome the difficulties of inter-
face boundary conditions by treating the contact boundary between phases as an interface
with a certain thickness. In recent years, to describe the dynamic immiscible two-phase
flow, Lowengrub-Truskinovsky [19], Blesgen [2], Heida-Ma´lek-Rajagopal [9] added the ef-
fect of the motion of the particles and the interaction with the diffusion into the diffusion
interface models of [3] and [1] respectively, the Navier-Stokes/Cahn-Hilliard system(called
as NSCH system), Navier-Stokes/Allen-Cahn system(called as NSAC system) are pro-
posed. In particular, it is worth pointing out, since the NSAC system is formally simpler
than NSCH system, then NSAC system has been applied more and more widely. The
compressible non-isentropic Navier-Stokes/Allen-Cahn system is described as following:


ρt˜ + div(ρu) = 0,
(ρu)t˜ + div
(
ρu⊗ u) = divT,
(ρφ)t˜ + div
(
ρφu
)
= −µ,
ρµ = ρ
∂f
∂φ
− div(ρ ∂f
∂∇φ
)
,
(ρE)t˜ + div(ρEu) = div
(
Tu+ κ∇θ − µ ∂f
∂∇φ
)
,
(1.1)
where x˜ ∈ Ω ⊂ RN , t˜ is the time, N the spatial dimension. The unknown functions
ρ(x˜, t), u(x˜, t), φ(x˜, t), θ(x˜, t) denote the total density, the velocity, the phase field, and the
absolute temperature of the immiscible two-phase flow respectively. µ(x˜, t) is the chemical
potential, ǫ > 0 the thickness of the interface between the phases, κ the coefficient of heat
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conduction, T the Cauchy stress-tensor as following
T = 2νD(u) + λ(divu)I− pI− ρ∇φ⊗ ∂f
∂∇φ. (1.2)
In the expression (1.2), I is the unit matrix, Du is the so-called deformation tensor
Du =
1
2
(∇u+∇⊤u), (1.3)
here and hereafter, superscript ⊤ denotes the transpose and all vectors are column ones.
ν > 0, λ > 0 are viscosity coefficients, satisfying
ν > 0, λ+
2
N
ν ≥ 0. (1.4)
f is the phase-phase interfacial free energy density, usually expressed as (see Lowengrub-
Truskinovsky [19])
f(ρ, φ,∇φ) def= 1
4ǫ
(1− φ2)2 + ǫ
2ρ
|∇φ|2. (1.5)
The total energy density ρE is given by
ρE = ρe+ ρf +
1
2
ρu2, (1.6)
where ρe is the internal energy, ρu
2
2 the kinetic energy. The pressure p, entropy s and ρ,
e, f obey the second law of thermodynamics
ds =
1
θ
(
d(e+ f) + pd(
1
ρ
)
)
. (1.7)
which implies that
p = ρ2
∂(e+ f)
∂ρ
+ θ
∂p
∂θ
= ρ2
∂e(ρ, θ)
∂ρ
− ǫ
2
|∇φ|2 + θ∂p
∂θ
. (1.8)
Throughout the paper, we consider the ideal polytropic gas, that is,
p(ρ, θ) = Rρθ − ǫ
2
|∇φ|2, (1.9)
and e satisfies
e = cvθ + constant, (1.10)
where cv is the specific heat capacity. Substituting (1.2), (1.5), (1.6), (1.9) and (1.10) into
(1.1), we get

ρt˜ + div(ρu) = 0,
ρut˜ + ρ(u · ∇)u− 2ν˜divDu− λ˜∇divu = −div
(
ǫ∇φ⊗∇φ− ǫ
2
|∇φ|2 + θ∂p
∂θ
)
,
ρφt˜ + ρu · ∇φ = −µ,
ρµ =
ρ
ǫ
(φ3 − φ)− ǫ∆φ,
cv
(
ρθt˜ + ρu · ∇θ
)
+ θpθdivu− div(κ∇θ) = 2ν˜|Du|2 + λ˜(divu)2 + µ2.
(1.11)
In this paper we are concerned with the Cauchy problem of (1.11) in 1-d. In this case,
according to the usual analysis method, we use Lagrange coordinate transformation
x =
∫ x˜
0
ρ(ξ, t˜)dξ, t = t˜, (1.12)
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and
v =
1
ρ
, (1.13)
then in the Lagrange coordinate system, the system (1.11) in 1-d can be rewritten as


vt − ux = 0,
ut + (R
θ
v
)x = (ν
ux
v
)x − ǫ
2
(
φ2x
v2
)x,
φt = −vµ,
µ =
1
ǫ
(φ3 − φ)− ǫ(φx
v
)x,
cvθt +
Rθ
v
ux − (κθx
v
)x = ν
u2x
v
+ vµ2,
(1.14)
with initial condition
(v, u, θ, φ)(x, 0) = (v0, u0, θ0, φ0)(x)
x→±∞−−−−→ (1, 0, 1, 1), (1.15)
Before giving the main theorem of this paper, let us briefly review the relevant work
that has been done. Kazhikhov [14] presented the global existence of solutions with large
initial data for the Cauchy problem of compressible non-isentropic Navier-Stokes equations
in 1-d. Further works in 1-d can be referred to Kanel [15], Jiang [13], Li-Liang [17], Huang-
Shi-Sun [10], Huang-Shi [11] and the references therein. For the existence of solutions for
Navier-Stokes equations in higher dimensional space, Matsumura-Nishada [20] proved that
there exists a unique global solution for the small initial data in 3-d. For the isentropic
compressible Navier-Stokes equations, Lions [18] obtained global existence of finite energy
weak solutions when the exponent γ is suitably large, Huang-Li-Xin [12] established the
global existence and uniqueness of classical solutions with smooth initial data which are
of small energy but possibly large oscillations with constant state as far field which could
be vacuum. For the isentropic NSAC system, Feireisl-Petzeltova´-Rocca-Schimperna [7]
presented the global existence of a weak solution based on the renormalization weak so-
lution framework introduced by Lions [18]. Ding-Li-Lou [6] established the existence and
uniqueness of global strong solution for initial boundary problem in 1-D, moreover, Chen-
Guo [5] extend this result to the case where the initial value contains a vacuum. For
the non-isentropic NSAC system, Kotschote [16] obtained the existence and uniqueness
of local strong solutions recently. The initial boundary problem (1.14) is discussed by
Chen-He-Huang-Shi [4], they proposed the existence and uniqueness of the global strong
solution for the initial boundary problem.
The following Theorem is our main result:
Theorem 1.1. Assume that
(v0 − 1, u0, θ0 − 1) ∈ H1(R), φ0 − 1 ∈ H2(R), (1.16)
and
inf
x∈R
v0(x) > 0, inf
x∈R
θ0(x) > 0, φ0(x) ∈ [−1, 1]. (1.17)
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Then, the Cauchy problem (1.14)-(1.15) has a unique strong solution (v, u, θ, φ) such that
for fixed T > 0, satisfying

v − 1, u, θ − 1 ∈ L∞(0, T ;H1(R)), φ− 1 ∈ L∞(0, T ;H2(R)),
vt ∈ L∞(0, T ;L2(R)) ∩ L2(0, T ;H1(R)),
φt ∈ L∞(0, T ;L2(R)) ∩ L2(0, T ;H1(R)),
ut, θt, φxt, , uxx, θxx, φxxx ∈ L2(R× (0, T )).
(1.18)
Moreover, there exist a positive constant C depending on the initial data and T , satisfying
C−1 ≤ v(x, t) ≤ C, C−1 ≤ θ(x, t) ≤ C, φ(x, t) ∈ [−1, 1], (x, t) ∈ R× [0, T ]. (1.19)
A few remarks are in order.
Remark 1.1. Our Theorem 1.1 can be regarded as a natural generalization of the classical
results for compressible Navier-Stokes system ( [14]) to Navier-Stokes/Allen-Cahn system
(1.14)-(1.15).
Remark 1.2. Our Theorem 1.1 shows that no phase transition, no vacuum, mass or heat
concentration will be developed in finite time for the compressible immiscible two-phase
flow in 1-d.
Now we briefly describe some key points of proof for Theorem 1.1. The most important
of the proof is to get the upper bound and the lower bound of v, θ (2.75)). For this purpose,
firstly, inspired by the idea of Kazhikhov [14] and Jiang [13], by constructing a truncation
function, we obtain a key expression of v (see (2.11)). Secondly, using the expression of
v, combining with the basic energy estimate (2.2), the convexity of y − ln y − 1, we get
the lower bound of v and θ (see (2.17)). Further, after observing the key inequality (see
(2.33))
sup
x∈R
(φx
v
)2
(x, t) ≤ C( sup
x∈R
θ(x, t) + 1 + V (t)
)
,
the upper bound of v can be derived. Finally, with the help of the key inequality as
following (see (2.42)), ∫ T
0
sup
x∈R
θ
3
2dt ≤ C,
the higher order energy estimates for φ and v can be achieved through the tedious energy
estimates, (see (2.36), (2.53)). In particular, the upper bound of ‖θx‖L∞(0,T ;L2) is derived
(see (2.68), and thus the upper bound of temperature θ is achieved. The whole procedure
of the proof will be carried out in the next section.
2. The Proof of Theorem
The local existence and uniqueness for strong solutions of (1.14)-(1.15) is presented as
following which can be proved by the fixed point method, the details are omitted here.
Lemma 2.1. Let (1.16) and (1.17) hold, then there exists some T∗ > 0 such that, the
Cauchy problem (1.14)-(1.15) has a unique strong solution (v, u, θ, φ) satisfying

v − 1, u, θ − 1 ∈ L∞(0, T∗;H1(R)), φ− 1 ∈ L∞(0, T∗;H2(R)),
vt ∈ L∞(0, T∗;L2(R)) ∩ L2(0, T∗;H1(R)),
φt ∈ L∞(0, T∗;L2(R)) ∩ L2(0, T∗;H1(R)),
ut, θt, φxt, uxx, θxx, φxxx ∈ L2(R× (0, T∗)).
(2.1)
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With the existence of a local solution, Theorem 1.1 can be achieved by extending the
local solutions globally in time from the following series of prior estimates. Without loss
of generality, in the following prior estimates, we assume that ν = R = cv = κ = 1, and∫ +∞
−∞
v0dx = 1,
∫ +∞
−∞
(u20
2
+ (θ0 − 1) + 1
4ǫ
(φ20 − 1)2 +
ǫ
2
φ20x
v0
)
dx = 1. (2.2)
From here to the end of this paper, C > 0 denotes the generic positive constant depending
only on ‖(v0, u0, θ0‖H1(R), ‖φ0‖H2(R), inf
x∈R
v0(x), and inf
x∈R
θ0(x).
Lemma 2.2. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ].
Then it holds
sup
0≤t≤T
∫ +∞
−∞
(u2
2
+
1
4ǫ
(φ2 − 1)2 + ǫ
2
φ2x
v
+ (v − ln v − 1) + (θ − ln θ − 1))dx
+
∫ T
0
V (t)dxdt ≤ E0, (2.3)
where
E0
def
=
∫ +∞
−∞
(u20
2
+
1
4ǫ
(φ20 − 1)2 +
ǫ
2
φ20x
v
+ (v0 − ln v0 − 1) + (θ0 − ln θ0 − 1)
)
dx, (2.4)
and
V (t) =
∫ +∞
−∞
( θ2x
vθ2
+
u2x
vθ
+
vµ2
θ
)
dx. (2.5)
Proof. From (1.14), (1.15) and (2.2), we have∫ +∞
−∞
vdx = 1,
∫ +∞
−∞
(u2
2
+ (θ − 1) + 1
4ǫ
(φ2 − 1)2 + ǫ
2
φ2x
v
)
dx = 1. (2.6)
Multiplying (1.14)1 by 1 − 1v , (1.14)2 by u, (1.14)3 by µ, (1.14)5 by 1 − 1θ , adding them
together, we get
(u2
2
+
1
4ǫ
(φ2 − 1)2 + ǫ
2
φ2x
v
+ (v − ln v − 1) + (θ − ln θ − 1))
t
+
( θ2x
vθ2
+
u2x
vθ
+
vµ2
θ
)
= ux +
(uux
v
− uθ
v
)
x
+
(
(1− θ−1)θx
v
)
x
+ ǫ
(φxφt
v
)
x
− ǫ
2
(φ2xu
v2
)
x
. (2.7)
Integrating (2.7) over (−∞,+∞)× [0, T ] by parts, (2.3) is obtained, the proof of Lemma
2.2 is finished. 
Lemma 2.3. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then ∀n = 0,±1,±2, · · · , there are points an(t), bn(t) on the interval [n, n+ 1], such that
v(an(t), t)
def
= v¯n(t) =
∫ n+1
n
v(x, t)dx ∈ [α1, α2],
θ(bn(t), t)
def
= θ¯n(t) =
∫ n+1
n
θ(x, t)dx ∈ [α1, α2],
(2.8)
where 0 < α1 < α2 are the two roots of the following algebraic equation
y − ln y − 1 = E0. (2.9)
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Proof. By using the convexity of the function y− ln y−1 and the Jensen’s inequality, then∫ n+1
n
θdx− ln
∫ n+1
n
θdx− 1 ≤
∫ n+1
n
(θ − ln θ − 1)dx,∫ n+1
n
vdx− ln
∫ n+1
n
vdx− 1 ≤
∫ n+1
n
(v − ln v − 1)dx.
(2.10)
Combining with the inequality (2.3), using the convexity of the function y− ln y− 1 once
again, (2.8) is obtained immediately. The proof of Lemma 2.3 is finished. 
Lemma 2.4. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then ∀n = 0,±1,±2, · · · , it has the following expression of v
v(x, t) = D(x, t)Y (t) +
∫ t
0
D(x, t)Y (t)
(
θ(x, τ) + ǫ2
φ2x(x,τ)
v(x,τ)
)
D(x, τ)Y (τ)
dτ, x ∈ [n, n+ 1], (2.11)
where
D(x, t) = v0(x)e
∫ x
an
(u(y)−u0(y,t))dy , (2.12)
and
Y (t) =
v(an(t), t)
v0(an(t))
e
−
∫ t
0
( θ
v
+ ǫ
2
φ2x
v2
)(an(t),s)ds. (2.13)
Proof. For x ∈ [n, n+ 1], integrating (1.14)2 from an(t) to x by parts, we have
( ∫ x
an(t)
udy
)
t
=
(ux
v
− θ
v
− ǫ
2
φ2x
v2
)∣∣∣(x,t)
(an(t),t)
=
(
(ln v)t − θ
v
− ǫ
2
φ2x
v2
)∣∣∣(x,t)
(an(t),t)
. (2.14)
Integrating the above equation over (0, t), we obtain
v(x, t) = D(x, t)Y (t)e
∫ t
0
(
θ
v
+ ǫ
2
φ2x
v2
)
(x,s)ds
, (2.15)
with D(x, t) and Y (t) as defined in (2.12) and (2.13) respectively. Now we introduce the
function g(x, t) as following
g(x, t) =
∫ t
0
(θ
v
+
ǫ
2
φ2x
v2
)
(x, s)ds, (2.16)
by using (2.15), we get the following ordinary differential equation for g(x, t)
gt =
θ(x, t) + ǫ2
φ2x(x,t)
v(x,t)
v(x, t)
=
θ(x, t) + ǫ2
φ2x(x,t)
v(x,t)
D(x, t)Y (t)eg
,
and this gives
eg = 1 +
∫ t
0
θ(x, τ) + ǫ2
φ2x(x,τ)
v(x,τ)
D(x, τ)Y (τ)
dτ,
substituting the expression above into (2.15), we have (2.11). Thus the proof of Lemma
2.4 is finished. 
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Lemma 2.5. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then it holds that for
v(x, t) ≥ C−1, θ(x, t) ≥ C−1, ∀(x, t) ∈ (−∞,+∞)× [0, T ],∫ T
0
∫ +∞
−∞
αθ2x
vθα+1
ϕndxdt ≤ C, ∀ 0 < α < 1. (2.17)
Proof. Firstly, from (1.16), (2.6) and the definition (2.12) of D, we have
C−1 ≤ D(x, t) ≤ C, ∀(x, t) ∈ (−∞,+∞)× [0, T ]. (2.18)
Moreover, by using (2.11), we have
Y −1(t)
∫ n+1
n
v(x, t)dx =
∫ n+1
n
D(x, t)dx+
∫ t
0
∫ n+1
n
D(x, t)
(
θ(x, τ) + ǫ2
φ2x(x,τ)
v(x,τ)
)
D(x, τ)Y (τ)
dxdτ,
Applying the inequality (2.8) and (2.18) to the result above, there exists a positive constant
C, satisfies
C−1Y −1(t) ≤ 1 +
∫ t
0
Y −1(s)ds ≤ CY −1(t), (2.19)
which implies that
0 < C−1 ≤ Y (t) ≤ C < +∞, ∀(x, t) ∈ (−∞,+∞)× [0, T ]. (2.20)
From (2.15), (2.18) and (2.20), we obtain the lower bound of v as following
v(x, t) ≥ C−1, ∀(x, t) ∈ (−∞,+∞)× [0, T ]. (2.21)
Secondly, for ∀n = 0,±1,±2, · · · , taking the cut-off function:
ϕn(x) =


e
1
2
(x−n), x ≤ n,
1, n ≤ x ≤ n+ 1,
e
1
2
(n+1−x), x ≥ n+ 1.
(2.22)
For ∀p > 2, multiplying (1.14)5 by θ−pϕ, integrating over (−∞,+∞) with respect to x,
by using (2.21), we have
1
p− 1
d
dt
∫ +∞
−∞
(
θ−1
)p−1
ϕndx+
∫ +∞
−∞
u2x
vθp
ϕndx+
∫ +∞
−∞
νµ2
θp
ϕndx+ p
∫ +∞
−∞
θ2x
vθp+1
ϕndx
≤
∫ +∞
−∞
ux
vθp−1
ϕndx+
∫ +∞
−∞
θx
vθp
ϕnxdx
≤ 1
2
∫ +∞
−∞
u2x
vθp
ϕndx+
1
2
∫ +∞
−∞
1
vθp−2
ϕndx+
p
2
∫ +∞
−∞
θ2x
vθp+1
|ϕnx|dx+ 1
2p
∫ +∞
−∞
1
vθp−1
|ϕnx|dx
≤ 1
2
∫ +∞
−∞
u2x
vθp
ϕndx+ C
(‖θ−1ϕ 1p−1‖p−2
Lp−1
+ ‖θ−1ϕ
1
p−1
n ‖p−1Lp−1
)
+
p
2
∫ +∞
−∞
θ2x
vθp+1
|ϕnx|dx.
Applying Gronwall’s inequality to the above result, we obtain
sup
0≤t≤T
∥∥θ−1(·, t)∥∥
Lp−1([n,n+1])
≤ C, ∀p > 2,
where C is independent of n, and further, letting p tends to infinity, we do eventually get
the lower bound of θ on (−∞,+∞).
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Finally, for 0 < α < 1, multiplying (1.14)5 by θ
−α, integrating over (−∞,+∞)× [0, T ]
by parts, repeating the above analysis steps, we have∫ T
0
∫ +∞
−∞
αθ2x
vθα+1
ϕndxdt ≤ C. (2.23)
The proof of Lemma 2.5 is completed. 
For the sake of simplicity, we define
V (t) =
∫ +∞
−∞
( θ2x
vθ2
+
u2x
vθ
+
vµ2
θ
)
dx. (2.24)
Lemma 2.6. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then ∀n = 0,±1,±2, · · · , it has the following inequalities:
|φ(x, t)| ≤ C, v(x, t) ≤ C, ∀(x, t) ∈ (−∞,+∞)× [0, T ], (2.25)
where C is only dependent of ǫ, E0.
Proof. Firstly, ∀n = 0,±1,±2, · · · , from (2.3), we have
ǫ
4
∫ n+1
n
φ4(x, t)dx ≤ ǫ
2
∫ n+1
n
φ2(x, t)dx+
ǫ
4
+ E0
≤ ǫ
8
∫ n+1
n
φ4(x, t)dx+
3ǫ
4
+ E0,
which implies that ∫ n+1
n
φ4(x, t)dx ≤ 6 + 8E0
ǫ
, (2.26)
and therefore ∫ n+1
n
φ(x, t)dx ≤ C. (2.27)
where C is independent of n. Now ∀(x, t) ∈ [n, n+ 1)× [0, T ],
|φ(x, t)| ≤
∣∣∣∣
∫ n+1
n
(
φ(x, t)− φ(y, t))dy
∣∣∣∣+
∣∣∣∣
∫ n+1
n
φ(y, t)dy
∣∣∣∣
≤
∣∣∣∣
∫ n+1
n
( ∫ x
y
φξ(ξ, t)dξ
)
dy
∣∣∣∣+ C
≤
(∫ n+1
n
φ2x
v
dx
) 1
2
+ C
≤ (2
ǫ
E0
) 1
2 + C. (2.28)
Secondly, ∀(x, t) ∈ [n, n+ 1)× [0, T ], from (2.6), (2.8) and Ho¨lder inequality, we get
∣∣∣θ 12 (x, t)− θ¯ 12 (t)∣∣∣ =
∣∣∣∣∣
∫ x
bn(t)
d
dy
(θ
1
2 (y, t)− θ¯ 12 (t))dy
∣∣∣∣∣
≤ 1
2
(∫ n+1
n
θ2x
θ2v
dx
)1/2(∫ n+1
n
θvdx
)1/2
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≤ CV 1/2(t)max
x∈R
v1/2(x, t),
therefore we obtain, ∀(x, t) ∈ (−∞,+∞)× [0,∞), the following inequality holds
α1 −CV (t) sup
x∈R
v(x, t) ≤ θ(x, t) ≤ C + CV (t) sup
x∈R
v(x, t). (2.29)
Finally, combining the expression of v (2.11) with (2.18)–(2.29), we obtain
v(x, t) = D(x, t)Y (t) +
∫ t
0
D(x, t)Y (t)
(
θ(x, τ) + ǫ2
φ2x(x,τ)
v(x,τ)
)
D(x, τ)Y (τ)
dτ (2.30)
≤ C +C
∫ t
0
(
sup
x∈R
θ(x, τ) + sup
x∈R
(φx(x, τ)
v(x, τ)
)2
sup
x∈R
v(x, τ)
)
dτ.
Deriving from (1.14)4, we have
ǫ
(φx
v
)
x
= −µ+ 1
ǫ
(φ3 − φ), (2.31)
and then from (2.3), (2.6),(2.17), (2.28), we obtain∫ +∞
−∞
(φx
v
)2
x
v
θ
dx ≤ C(1 + V (t)). (2.32)
Using (2.3),(2.6),(2.21),(2.28), (2.32), we get
sup
x∈R
(φx
v
)2
(x, t) ≤ C
∫ +∞
−∞
φx
v
(φx
v
)
x
dx
≤ C
∫ +∞
−∞
θ
v2
φ2x
v
dx+
∫ +∞
−∞
(φx
v
)2
x
v
θ
dx
≤ C( sup
x∈R
θ(x, t) + 1 + V (t)
)
. (2.33)
Substituting (2.33) into (2.30), we achieve
v(x, t) ≤ C + C
∫ t
0
V (τ)
(
sup
x∈R
v(x, τ) +
(
sup
x∈R
v(x, τ)
)2)
dτ, (2.34)
Applying the Gronwall inequality to the above (2.34), we get
v(x, t) ≤ C, ∀(x, t) ∈ (−∞.+∞)× [0, T ]. (2.35)
The proof of Lemma 2.6 is finished. 
Lemma 2.7. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then it holds that for ∀(x, t)(−∞,+∞)× [0, T ].
sup
0≤t≤T
∫ +∞
−∞
v2xdx ≤ C,
∫ T
0
∫ +∞
−∞
φ2xxdx ≤ C,
∫ T
0
∫ +∞
−∞
φ2tdx ≤ C. (2.36)
Proof. Firstly, we rewrite (1.14)2 as following(
u− vx
v
)
t
= −
(θ
v
+
ǫ
2
(φx
v
)2)
x
(2.37)
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Multiplying (2.37) by u− vxv , integrating over (−∞,+∞) by parts, we have
1
2
∫ +∞
−∞
(
u− vx
v
)2
(x, t)dx − 1
2
∫ +∞
−∞
(
u0 − vx
v
(x, 0)
)2
dx
=
∫ t
0
∫ +∞
−∞
(θvx
v2
− θx
v
− ǫφx
v
(φx
v
)
x
)(
u− vx
v
)
dxdt
= −
∫ t
0
∫ +∞
−∞
θv2x
v3
dxdt+
∫ t
0
∫ +∞
−∞
θuvx
v2
dxdt
−
∫ t
0
∫ +∞
−∞
θx
v
(
u− vx
v
)
dxdt−
∫ t
0
∫ +∞
−∞
ǫ
φx
v
(φx
v
)
x
(
u− vx
v
)
dxdt. (2.38)
We will give the estimate for the last three terms on the right side of (2.38) as following.
From (2.3), (2.21), (2.35), (2.29), we have
∣∣∣
∫ t
0
∫ +∞
−∞
θuvx
v2
dxdt
∣∣∣ ≤ 1
2
∫ t
0
∫ +∞
−∞
θv2x
v3
dxdt+
1
2
∫ t
0
∫ +∞
−∞
u2θ
v
dxdt
≤ 1
2
∫ t
0
∫ +∞
−∞
θv2x
v3
dxdt+ C
∫ t
0
sup
x∈R
θdt
≤ 1
2
∫ t
0
∫ +∞
−∞
θv2x
v3
dxdt+ C
∫ t
0
(
C +CV (t) sup
x∈R
v(x, t)
)
dt
≤ 1
2
∫ t
0
∫ +∞
−∞
θv2x
v3
dxdt+ C. (2.39)
Moreover, from (2.3), (2.21) and (2.23), we obtain
∣∣∣
∫ t
0
∫ +∞
−∞
θx
v
(
u− vx
v
)
dxdt
∣∣∣ ≤
∫ t
0
∫ +∞
−∞
θ2x
vθ
3
2
dxdt+
1
2
∫ t
0
∫ +∞
−∞
θ
3
2
v
(
u− vx
v
)2
dxdt
≤ C + C
∫ t
0
sup
x∈R
θ
3
2
∫ +∞
−∞
(
u− vx
v
)2
dxdt. (2.40)
By using (2.29), (2.35) and (2.3), ∀n = 0,±1,±2, · · · , we get∫ T
0
max
x∈[n,n+1]
θ1+αdt ≤ C
∫ T
0
max
x∈[n,n+1]
∣∣∣θ1+α −
∫ n+1
n
θ1+αdx
∣∣∣dt+ C
∫ T
0
max
x∈[n,n+1]
θαdt
≤
∫ T
0
∫ n+1
n
θα|θx|dxdt+C
≤ C(δ)
∫ T
0
∫ +∞
−∞
θ2x
vθ1+α
ϕdxdt+ δ
∫ T
0
∫ n+1
n
vθ2α+1dxdt+ C
≤ C +Cδ
∫ 1
0
max
x∈[n,n+1]
θ2αdxdt, ∀α ∈ (0, 1), (2.41)
where C is independent of n. In particularly, let α = 12 in (2.41), which follows that∫ T
0
sup
x∈R
θ
3
2 dt ≤ C. (2.42)
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Integrating (1.14)5 over [0, 1] × [0, T ], combining with (2.21), (2.35), (2.42), we obtain∫ T
0
∫ +∞
−∞
u2x + (vµ)
2
v
dxdt =
∫ +∞
−∞
(θ − 1)dx −
∫ +∞
−∞
(θ0 − 1)dx+
∫ T
0
∫ +∞
−∞
θ
v
uxdx
≤ C + 1
2
∫ T
0
∫ +∞
−∞
u2x
v
dxdt, (2.43)
which implies that ∫ T
0
∫ +∞
−∞
(
u2x + (vµ)
2
)
dxdt ≤ C. (2.44)
Furthermore, from (2.17), (2.32), (2.35), we have
∣∣∣
∫ t
0
∫ +∞
−∞
ǫ
φx
v
(φx
v
)
x
(
u− vx
v
)
dxdt
∣∣∣
≤ C
∫ t
0
∫ +∞
−∞
(∣∣(φx
v
)x
∣∣2 + ∣∣φx
v
∣∣2(u− vx
v
)2)
dxdt
≤ C + C
∫ t
0
sup
x∈R
∣∣φx
v
∣∣2 ∫ +∞
−∞
(
u− vx
v
)2
dxdt (2.45)
Substituting (2.39), (2.40), (2.45) into (2.38), from (2.33) (2.42) and Gronwall’s inequality,
we obtain
sup
0≤t≤T
∫ +∞
−∞
(
u− vx
v
)2
dx+
∫ T
0
∫ +∞
−∞
θv2x
v3
dxdt ≤ C. (2.46)
Together with (2.3), (2.17) and (2.25), we achieve
sup
0≤t≤T
∫ +∞
−∞
v2xdx ≤ C.
Secondly, rewriting (1.14)3,4 as follows
φt − ǫφxx = −ǫφxvx
v
− v
ǫ
(
φ3 − φ). (2.47)
Multiplying (2.47) by φxx, integrating the resultant over (−∞,+∞), with respect to x,
combining with (2.17), (2.25), (2.29), (2.33) and (2.28), we obtain
1
2
d
dt
∫ +∞
−∞
φ2xdx+ ǫ
∫ +∞
−∞
φ2xxdx
= ǫ
∫ +∞
−∞
φxvx
v
φxxdx+
1
ǫ
∫ +∞
−∞
(φ3 − φ)φxxdx
≤ C
(∫ +∞
−∞
φ2xv
2
xdx+
∫ +∞
−∞
φ2(φ2 − 1)2dx
)
+
ǫ
2
∫ +∞
−∞
φ2xxdx
≤ C
(
sup
x∈R
φ2x(x, t)
∫ +∞
−∞
v2xdx+
∫ +∞
−∞
(φ2 − 1)2dx
)
+
ǫ
2
∫ +∞
−∞
φ2xxdx
≤ C(1 + V (t))+ ǫ
2
∫ +∞
−∞
φ2xxdx, (2.48)
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by using (2.3), we get ∫ T
0
∫ +∞
−∞
φ2xxdx ≤ C. (2.49)
Finally, from (2.47), we have
φt = ǫφxx − ǫφxvx
v
− v
ǫ
(
φ3 − φ), (2.50)
integrating (2.50) over (−∞,+∞), we obtain∫ +∞
−∞
φ2tdx ≤ C
(∫ +∞
−∞
φ2xxdx+
∫ +∞
−∞
φ2xv
2
xdx+
∫ +∞
−∞
(
φ3 − φ)2dx)
≤ C
(∫ +∞
−∞
φ2xxdx+
∫ +∞
−∞
v2xdx
∫ +∞
−∞
φ2xxdx+ 1
)
≤ C
(∫ +∞
−∞
φ2xxdx+ 1
)
, (2.51)
then, from (2.49), we achieve ∫ T
0
∫ +∞
−∞
φ2t dx ≤ C. (2.52)
The proof of Lemma 2.7 is completed. 
Lemma 2.8. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then it holds that for ∀(x, t) ∈ (−∞,+∞)× [0, T ]
sup
0≤t≤T
∫ +∞
−∞
φ2xxdx+
∫ T
0
∫ +∞
−∞
(
φ2xt +
(φx
v
)2
xx
)
dx ≤ C. (2.53)
Proof. Rewriting (2.47) as
φt
v
− ǫ
(φx
v
)
x
= −1
ǫ
(φ3 − φ), (2.54)
differentiating (2.54) with respect to x, we obtain(φx
v
)
t
− ǫ
(φx
v
)
xx
= −1
ǫ
(
φ3 − φ)
x
+
φtvx
v2
− φxux
v2
, (2.55)
multiplying (2.55) by
(φx
v
)
t
, integrating the resultant over (−∞,+∞), from (2.3), (2.17),
(2.25), (2.36), (2.44), (2.51), we have∫ +∞
−∞
(φx
v
)2
t
dx+
ǫ
2
d
dt
∫ +∞
−∞
(φx
v
)2
x
dx
= −1
ǫ
∫ +∞
−∞
(
φ3 − φ)
x
(φx
v
)
t
dx+
∫ +∞
−∞
φtvx
v2
(φx
v
)
t
dx−
∫ +∞
−∞
φxux
v2
(φx
v
)
t
dx
≤ C
(∫ +∞
−∞
(
3φ2 − 1)2φ2xdx+
∫ +∞
−∞
φ2t v
2
xdx+
∫ +∞
−∞
φ2xu
2
xdx
)
+
1
3
∫ +∞
−∞
(φx
v
)2
t
dx
≤ C
(
1 + ‖φt‖2L∞
∫ +∞
−∞
v2xdx+ ‖
φx
v
‖2L∞
∫ +∞
−∞
u2xdx
)
+
1
3
∫ +∞
−∞
(φx
v
)2
t
dx
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≤ C
(
1 +
∫ +∞
−∞
(
φ2t + 2|φtφxt|
)
dx+
∫ +∞
−∞
(φx
v
)2
x
dx
∫ +∞
−∞
u2xdx
)
+
1
3
∫ +∞
−∞
(φx
v
)2
t
dx
≤ C
(
1 +
∫ +∞
−∞
φ2xxdx+
∫ +∞
−∞
φ2xtdx+
∫ +∞
−∞
(φx
v
)2
x
dx
∫ +∞
−∞
u2xdx
)
+
1
3
∫ +∞
−∞
(φx
v
)2
t
dx
≤ C
(
1 +
∫ +∞
−∞
φ2xxdx+
∫ +∞
−∞
u2xdx
∫ +∞
−∞
(φx
v
)2
x
dx
)
+
1
2
∫ +∞
−∞
(φx
v
)2
t
dx, (2.56)
where in the last inequality φxt =
(φx
v
)
t
+ φxvx
v2
)
v is used. Therefore, from Gronwall’s
inequality, we get
sup
t∈[0,T ]
∫ +∞
−∞
(φx
v
)2
x
dx+
∫ T
0
∫ +∞
−∞
(φx
v
)2
t
dx ≤ C. (2.57)
Combining with (2.3), (2.36), we have
sup
0≤t≤T
∫ +∞
−∞
φ2xxdx+
∫ T
0
∫ +∞
−∞
φ2xtdx ≤ C. (2.58)
Furthermore, using the Sobolev embedding theorem, follows from (2.3) and (2.57), we
obtain
sup
(x,t)∈R×[0,T ]
∣∣φx
v
∣∣ ≤ √2∥∥φx
v
∥∥∥∥∥(φx
v
)
x
∥∥∥ ≤ C. (2.59)
Moreover, from (2.55) and the inequalities obtained above, we achieve∫ T
0
∫ +∞
−∞
(φx
v
)2
xx
dx ≤ C, (2.60)
the proof of Lemma 2.8 is finished. 
Lemma 2.9. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then it holds that for ∀(x, t) ∈ (−∞,+∞)× [0, T ]
sup
0≤t≤T
∫ +∞
−∞
u2xdx+
∫ T
0
∫ +∞
−∞
(
u2t + u
2
xx
)
dx ≤ C. (2.61)
Proof. Multiplying (1.14)2 by uxx and integrating the resultant over (−∞,+∞)× (0, T ),
by using (2.17), (2.25), (2.36), (2.42), (2.57), (2.59), we obtain
1
2
∫ +∞
−∞
u2xdx+
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt
≤ C + 1
2
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt+ C
∫ T
0
∫ +∞
−∞
(
θ2x + θ
2v2x +
∣∣φx
v
∣∣2∣∣(φx
v
)
x
∣∣2 + u2xv2x
)
dxdt
≤ C + 1
2
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt+ C
∫ T
0
∫ +∞
−∞
θ2xdx+ C
∫ T
0
sup
x∈R
θ2
∫ +∞
−∞
v2xdxdt
+C sup
(x,t)∈R×[0,T ]
∣∣φx
v
∣∣2 ∫ T
0
∫ +∞
−∞
∣∣(φx
v
)
x
∣∣2dxdt+ C
∫ T
0
sup
x∈R
u2x
∫ +∞
−∞
v2xdxdt
≤ C + 3
4
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt+ C1
∫ T
0
∫ +∞
−∞
θ2x
v
dxdt, (2.62)
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where the following inequality are used∫ T
0
sup
x∈R
u2xdt ≤ C(δ)
∫ T
0
∫ +∞
−∞
u2xdxdt+ δ
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt
≤ C(δ) + δ
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt. (2.63)
Multiplying (1.14)5 by θ−1, and integrating the resultant over R× (0, T ), by using (2.42),
(2.44) and (2.63), we obtain
1
2
∫ +∞
−∞
(θ − 1)2dx+
∫ T
0
∫ +∞
−∞
θ2x
v
dxdt
≤ C + C
∫ T
0
∫ +∞
−∞
θ|θ − 1||ux|dx+ C
∫ T
0
∫ +∞
−∞
(
u2x + µ
2
)|θ − 1|dxdt
≤ C + C
∫ T
0
∫ +∞
−∞
θu2xdxdt++C
∫ T
0
∫ +∞
−∞
θ(θ − 1)2dxdt+
∫ T
0
sup
x∈R
θdt
≤ C + C
∫ T
0
sup
x∈R
u2xdt+ C
∫ T
0
sup
x∈R
θ2dt
≤ C(δ) + Cδ
∫ T
0
∫ +∞
−∞
u2xx
v
dxdt. (2.64)
From (2.62) and (2.64), for δ small enough, we have
sup
t∈[0,T ]
∫ +∞
−∞
(
(θ − 1)2 + u2x
)
dx+
∫ T
0
∫ +∞
−∞
θxdxdt+
∫ T
0
∫ +∞
−∞
u2xxdxdt ≤ C. (2.65)
Rewriting (1.14)2 as
ut = −
(θ
v
)
x
+
uxx
v
− uxvx
v2
− ǫφx
v
(φx
v
)
x
, (2.66)
from (2.36), (2.42), (2.59), (2.63), (2.53) and (2.65), we get∫ T
0
∫ +∞
−∞
u2t dxdt ≤ C
∫ T
0
∫ +∞
−∞
(
u2xx + u
2
xv
2
x + θ
2
x + θ
2v2x +
∣∣φx
v
∣∣2∣∣(φx
v
)
x
∣∣2)dxdt
≤ C. (2.67)
Together with (2.65), the energy inequality (2.61) is achieved. The proof of Lemma 2.9 is
completed. 
Lemma 2.10. Let (v, u, θ, φ) be a smooth solution of (1.14)-(1.15) on (−∞,+∞)× [0, T ],
then it holds that for ∀(x, t) ∈ (−∞,+∞)× [0, T ]
sup
0≤t≤T
∫ +∞
−∞
θ2xdx+
∫ T
0
∫ +∞
−∞
(
θ2t + θ
2
xx
)
dx ≤ C. (2.68)
Proof. Multiplying (1.14)5 by θt and integrating the resultant over (0, 1), by using (2.17),
(2.25), (2.65), we have∫ +∞
−∞
θ2t dx+
1
2
d
dt
(∫ +∞
−∞
θ2x
v
dx
)
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= −1
2
∫ +∞
−∞
θ2xux
v2
dx+
∫ +∞
−∞
θt
(− θux + u2x + v2µ2)
v
dx
≤ C sup
x∈R
|ux|
∫ +∞
−∞
θ2xdx+
1
2
∫ +∞
−∞
θ2t dx+ C
∫ +∞
−∞
θ2u2xdx+ C
∫ +∞
−∞
(
u4x + µ
4
)
dx
≤ C
∫ +∞
−∞
θ2xdx
∫ +∞
−∞
θ2xdx+
1
2
∫ +∞
−∞
θ2t dx+ C sup
x∈R
(
θ2 + u4x + µ
4
)
+ C. (2.69)
For the term supx∈R
(
θ2 + u4x + µ
4
)
in the last inequality of (2.69), applying Lemma 2.9,
direct computation shows that∫ T
0
sup
x∈R
u4xdt ≤ C
∫ T
0
∫ +∞
−∞
|u3xuxx|dxdt
≤ C
∫ T
0
sup
x∈R
u2x
( ∫ +∞
−∞
u2xdx
) 1
2
( ∫ +∞
−∞
u2xxdx
) 1
2
dt
≤ 1
2
∫ T
0
sup
x∈R
u4xdt+ C
∫ T
0
∫ +∞
−∞
(
u2x + u
2
xx)dxdt
≤ 1
2
∫ T
0
sup
x∈R
u4xdt+ C, (2.70)
then ∫ T
0
sup
x∈R
u4xdt ≤ C. (2.71)
Combining with (2.53), by the same way above, we have∫ T
0
sup
x∈R
µ4dt ≤ C. (2.72)
Moreover, by using Sobolev embedding theorem, we get
sup
x∈R
(θ − 1)2 ≤ C(δ)
∫ +∞
−∞
(θ − 1)2dx+ Cδ
∫ +∞
−∞
θ2xdx
≤ C(δ) + Cδ
∫ +∞
−∞
θ2xdx. (2.73)
Substituting (2.71), (2.72), (2.73) into (2.69), by using Gronwall’s inequality and (2.6), we
obtain
sup
0≤t≤T
∫ +∞
−∞
θ2xdx+
∫ T
0
∫ +∞
−∞
θ2t dxdt ≤ C. (2.74)
Therefore, in view of (2.73), we have
sup
(x,t)∈(−∞,+∞)×[0,T ]
θ ≤ C. (2.75)
From (1.14)5 again, we also have
θxx
v
= θt +
θxvx
v2
+
θux
v
− u
2
x
v
− vµ2, (2.76)
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which yields that∫ T
0
∫ +∞
−∞
θ2xxdxdt ≤ C
∫ T
0
∫ +∞
−∞
(
θ2xv
2
x + u
4
x + µ
4 + u2x + θ
2
t
)
dxdt
≤ C(δ) + Cδ
∫ T
0
sup
x∈R
θ2xdt
≤ C(δ) + Cδ
∫ T
0
∫ +∞
−∞
θ2xxdxdt. (2.77)
Furthermore, by using maximum principle, we obtain −1 ≤ φ ≤ 1. The proof of Lemma
2.10 is completed. 
So far, from the a priori estimates of solutions (see Lemma 2.1-Lemma 2.10), Theorem
1.1 can be obtained by extending the local solutions globally in time. For details, please
refer to [6], [10], [4] and the references therein.
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